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ABSTRACT: We investigate the conformational changes of a single self-avoiding flexible polymer in strong
sedimentation fields using hydrodynamic simulations and scaling arguments. For small fields or short chains
hydrodynamic recirculation leads to compaction. For elevated fields or long chains the hydrodynamic drag leads
to stretching of the coil and a decrease of the sedimentation coefficient for both linear and circular DNA, in
agreement with results in ultracentrifuge experiments. At very large fields a spontaneous symmetry breaking
takes place, and the polymer adopts a conformation consisting of a compact head and a trailing straight tail.

1. Introduction

For more than 80 years analytical ultracentrifugation has been
used as a versatile tool for the characterization and separation
of biomolecules.1,2 In a sedimentation velocity experiment, one
records the moving boundary of the investigated substance as
a function of time to obtain the sedimentation coefficientS,
which is defined as the radial velocity divided by the centrifugal
force and is expected to reach a time-independent value for
overdamped motion.1 In the regime of very dilute solution we
are interested in, interactions between macromolecules are
negligible, such that mass and polymer conformation alone
determineS. In a series of papers, it has been shown that dilute
solutions of DNA with a molecular weight of more than 108

Da (≈105 base pairs) exhibit a decrease ofS with increasing
rotor speed, severely limiting the potential of the ultracentrifuge
for analysis of long DNA.3-6 This so-called sedimentation
anomaly can be explained by inhomogeneous hydrodynamic
drag forces within the chain:7,8 The coil interior is hydrodynami-
cally shielded while the chain ends, which on average are located
at the coil exterior, receive more drag; consequently, the chain
ends lag behind, the coil is stretched, and the sedimentation
coefficient decreases. Shortly after the first experimental
observation of the sedimentation anomaly, Zimm developed a
theory for sedimenting chains based on the preaveraging
approximation and utilizing the Gaussian phantom chain ap-
proximation. Zimm’s theory7 correctly predicts the functional
dependence ofS on rotor speed and molecular mass, but the
initial quantitative agreement between theory and experiments3,7

was later shown to be a coincidence.6 More seriously, Zimm’s
preaveraging approximation (PAA) predicts a null effect for
polymer rings, whereas experimentally the sedimentation coef-
ficient of DNA loops exhibits an anomaly similar to linear
chains.9

In this paper we study linear and circular sedimenting
polymers using hydrodynamic simulations of a bead-spring
model which is introduced in section 2. The resulting sedimen-
tation behavior can be distinguished into several regimes: (i)
For short self-avoiding chains compaction is caused by hydro-
dynamic chain recirculation. (ii) For longer chains and increasing
fields the chain elongates slightly in the direction of motion,
this constitutes theweak-stretching regime. (iii) In the inter-
mediate-stretching regime, i.e. at even higher fields, the chain
consists of a leading part that is more compact than the rest of
the chain and a stretched trailing part. (iv) Finally, at very high

fields, in thestrong-stretching regime, the chain resembles a
tadpole with a completely stretched tail.10 In section 3 scaling
laws of the chain radius and mobility (sedimentation coefficient)
are presented for all regimes, which compare favorably with
simulations and experiments for linear chains. The results are
extended to circular chains in section 4. The formation of a
compact and leading head constitutes a spontaneous symmetry
breaking and leads to a reduction of the sedimentation coefficient
both for linear and circular polymers, in agreement with
experiments. In section 5, we implement Zimm’s preaveraging
model in the simulations and find the preaveraging to be a less
serious approximation than the neglect of self-avoidance or chain
inextensibility. In section 6, we briefly discuss the orientational
order parameter, which can be measured in birefringence
experiments, and in section 7, we touch upon effects due to a
finite polymer bending rigidity. The results are compared with
experiments in section 8.

2. Simulation Model

The (linear or circular) polymer is modeled as a chain ofN
spherical monomers subject to the Langevin equation (for the
ith monomer)

whereG is a constant force acting on each monomer, chosen
to point along thez-direction. This force can be caused by
electric fields acting on charged monomers or by gravitational
force. Most relevant for experiments is the case whereG is the
sedimentation force per monomer,G ) m0(1 - Fs/Fp)RUC ω2.
In this equation,m0 is the mass of one monomer, andFs andFp

the densities of the solvent (water) and the polymer.RUC is the
radial distance from the center of the centrifuge andω its ang-
ular velocity. The coupling to a heat bath is provided by vect-
orial Gaussian random velocitiesêi with zero mean which
are correlated according to the fluctuation-dissipation theorem
as12

Hydrodynamic interactions between monomersi and j are
included via the mobility tensorµij: In most simulations we
use for the off-diagonal components of the mobility matrix,i
* j, the position-dependent Rotne-Prager tensor13 for non-
overlapping,rij > 2a* To whom correspondence should be addressed.

r3 i(t) ) ∑
j)1

N

µij‚[-∇r j
U({rN}) + Gêz] + êi(t) (1)

〈êi(t) X êj(t′)〉 ) 2kBTδ(t - t′)µij (2)
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and overlapping spheres,rij < 2a

whereI is the 3× 3 unit matrix,η the solvent viscosity, andrij

) |r i - r j|. As a test some simulations are done with Zimm’s
preaveraging approximation (PAA)14 given by

which is obtained from the Oseen tensor

by averaging over the equilibrium conformation giving〈1/rij〉
) 1/(2a)x6/(π|i-j|). The self-part is in all cases given by the
Stokes mobility of a sphere with radiusa, µii ) I /(6πηa) ≡
Iµ0, whereη denotes the solvent viscosity. The direct interaction
potential

consists of a truncated Lennard-Jones potential to account for
chain self-avoidance

and an elastic partUel (springs between nearest neighbors),
which for the freely jointed chain model (FJC) is given by

and for the Gaussian chain model by

In the above,Θ(x) is the Heavyside step function. A stretching
modulus ofγ ) 400kBT/a for G e kBT/a andγ ) 400G for G
> kBT/a is sufficient to approximate the FJC model with
essentially constant bond length. For the Gaussian chain model
we setγ ) 3kBT/(2a), giving an equilibrium mean-squared bond

length of x〈rii+1
2〉 ) 2a. For a self-avoiding (SA) chain, the

repulsive potential strength is chosen asεLJ ) kBT; the phantom
chain (PC) is realized forεLJ ) 0.

In the simulations we discretize eq 1 with a time step∆ and
make all variables unitless by rescaling with monomer sizea
and thermal energykBT according toγ̃ ) γa/kBT andG̃ ) Ga/
kBT. The only parameter involving the solvent viscosity is the
rescaled time step∆̃ ) ∆µ0kBT/a2. The continuum limit of the
Langevin equation eq 1 is reached for∆̃ f 0 in which limit all
results become independent of solvent viscosity. Depending on
chain length and field strength, we choose∆̃ between 3× 10-5

and 0.005. For the FJC mode we adaptγ̃ to G̃ at large

sedimentation fields since this allows using maximally large
time steps and thus increases the simulation efficiency.

We use the Brownian dynamics algorithm by Ermak and
McCammon12 where the correlated random numbers of eq 2
are generated by multiplying independent Gaussian random
numbers with the triangle matrix resulting from a Cholesky
decomposition of the matrixµij. Being the most time-consuming
part in the simulation, the decomposition is done only every
tenth time step. It was checked that this approximation has only
a minor effect, in particular, that the fluctuation-dissipation
theorem in the form of eq 2 is still valid within error bars. The
chains are first equilibrated with a slowly increasing field before
averages are taken. The total simulation consists of up to 108

steps. Errors are calculated using block averaging and only
shown if larger than the symbol size. For the longest chains,N
) 200 andN ) 400, the simulation of one parameter set took
up to 2 weeks on a 64-bit workstation.

In sedimentation experiments, the sedimentation coefficient
is defined as

whereV is the velocity of the molecule;RUC andω are again
the radial distance and angular velocity of the centrifuge.
Because masses do not appear within the position-Langevin
equation framework, we consider the following modified
sedimentation coefficientS) V/G ) Sexp/[m0(1 - Fs/Fp)] which
in rescaled form reads

where the sum runs over all monomersi of the molecule.

3. Results for Linear Chains

In this section we concentrate on alinear SA-FJC with full
hydrodynamic interactions (HI) as obtained with the mobility
tensor on the Rotne-Prager level in eqs 3 and 4. In a later
section we will extend the results to circular chains.

Figure 1a shows the rescaled sedimentation coefficientS̃ as
a function of the rescaled sedimentation fieldG̃ on a semiloga-
rithmic scale for chains withN ) 10 to N ) 200 monomers.
With the exception ofN ) 10 and N ) 20, S̃ displays a
nonmonotonic behavior: For small fields,S̃ increases slightly
due to a beginning compaction of the chain. This can be seen
in Figure 1b from the initial decrease of the radius of gyration,
Rg

where RM ) ∑ir i/N is the center of mass. Note that in
equilibrium, i.e., forG̃ ) 0, one expects a scalingRg ∼ Nν with
ν ) 3/5.14 Accordingly, the results forRg have been rescaled
by Nν, yielding good scaling for small fieldsG̃. As seen in
Figure 1a, after passing through a maximum,S̃drops consider-
ably and saturates at a much lower value than for the
unperturbed (G̃ f 0) chain. This is paralleled by a sharp increase
in Rg, which defines a critical fieldG̃f at which a chain starts
to unfold. The curveS̃ for the longest chain (N ) 200) forms
an upper envelope for the shorter chains, which means that at
a given rotor speed longer chains are always faster than shorter
ones. Thus, contrary to earlier expectations,4,5,11 S displays no
maximum as a function of length for a given rotor speed.

µij
(RP) ) 1

8πηrij[I +
r ij X r ij

rij
2

+ 2a2

rij
2(I

3
-

r ij X r ij

rij
2 )] (3)

µij
(RP) ) 1

6πηa[(1 - 9
32

rij

a)I +
3rij

32a

r ij X r ij

rij
2 ] (4)

µij
(PAA) ) I

2ηax6π3|i - j|
, i * j (5)

µij
(Os) ) 1

8πηrij[I +
r ij X r ij

rij
2 ] (6)

U ) ULJ + Uel (7)

ULJ ) εLJ∑
i<j

Θ(2a - rij)[(2a)12

rij
12

-
2(2a)6

rij
6

+ 1] (8)
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i)1

N-1 γ

4a
[rii+1 - 2a]2 (9)

Uel
(Gauss)) ∑

i)1

N-1 γ

4a
rii+1

2 (10)

Sexp ) V
RUCω2

(11)

S̃≡ S/µ0 ) ∑
i

〈r̃4 i〉/(NG̃) (12)

Rg
2 )

1

N
∑

i

(r i - RM)2 (13)
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While the radius of gyration is a useful quantity to show the
compaction and initial stage of stretching of the coil, the
unfolding is better described by the relative extensionRz/L,
whereL ) 2aN is the contour length andRz is defined as the
root-mean-square of the maximum extension inz-direction:

Figure 2 shows that the unfolding is not abrupt; instead, there
is an intermediate range where the polymer is stretched but not
fully extended. In the case ofN ) 100 it starts at aboutG̃ ≈
0.1 and ends at aboutG̃ ≈ 10. It is interesting to note that the
limiting relative chain extension limG̃f∞(Rz/L) approaches unity
only for N f ∞; finite-N chains do not unfold completely even
at very high forces. This is related to the fact that chains form
a tadpole structure with a relatively compact head region, even
at high sedimentation fields, as will be further discussed below.

Snapshots in Figure 3a visualize the progressive chain
stretching with growingG̃ for N ) 100: At G̃ ) 0.01 the chain
is only slightly perturbed from its equilibrium random coil
structure; atG̃ ) 0.1 andG̃ ) 1 the chain is partially unfolded,
and a head and tail region can already be discerned; in the limit
of strong forces, e.g.,G̃ ) 100, a tadpole structure is stabilized
by hydrodynamic effects. The stretching starts earlier for longer
chains as seen in Figure 3b. A slight compaction is realized at

even smaller fields; yet for long chains, complete compaction
is preempted by chain stretching. We are now going to
investigate these regimes in more detail. It is important to note
that both self-avoidance and hydrodynamic interactions are
crucial to observe the spontaneous symmetry-breaking into a
compact head and a stretched tail. We will discuss phantom
chains and the preaveraging approximation in detail in section 5.

3.1. Unfolding in Strong Centrifugal Fields. In the limit
of very large driving fieldG̃ the chain adopts a “tadpole”
configuration consisting of a compact head ofNh monomers
followed by a straight tail ofNt ) N - Nh monomers as in the
G̃ ) 1 case of Figure 3a. Similar conformations are observed
in a different context when a collapsed chain that is fixed at
one end is stretched by an external force.15 In that case the
symmetry breaking between compact head and stretched tail is
imposed by the external boundary condition; in our case it is
spontaneously brought about by hydrodynamic interactions, as
will be discussed further below. From the tail stretching it
follows that the head pulls the tail with a forceFs, which also
orients the tadpole givenFsRz > kBT. Neglecting hydrodynamic
interactions between head and tail, which only contribute to
higher-order corrections, the head velocity is obtained as the
product of the total direct force on the head,GNh - Fs, times
the head mobilityµsph ) µ0a/Rh, which is just the mobility of
a sphere with radiusRh

whereRh ∼ aNh
ν is the radius of the head andν in the range

1/3 < ν < 3/5, depending on whether the head is a globule or
a self-avoiding coil. Using the mobility of a long straight
cylinder with long axisaNt and short axisa moving in the
direction of its long axis16

and a total direct force ofGNt + Fs, the tail velocity is

Figure 1. (a) Sedimentation coefficientS̃of a linear self-avoiding FJC
for several monomer numbersN as a function of sedimenting fieldG̃
) Ga/kBT. TheN ) 200 results (broken line) give an upper envelope.
(b) Reduced radius of gyrationRg/aNν (using ν ) 3/5) for the same
parameters as in (a), showing an initial chain compaction and (for larger
G) a chain stretching.

Figure 2. Relative root-mean-square maximum extension in field
direction,Rz/L (see sketch), as a measure for the unfolding of the linear
chains. TheN ) 200 points are connected for better visibility.

Rz
2 ) 〈max

{ij}

2 [ri,z - rj,z]〉 (14)

Figure 3. (a) Typical chain configurations for monomer numberN )
100 at different field strengths (polymers move upward, drawn to scale).
(b) Simulation snapshots at sedimentation field strengthG̃ ) 0.1 for
different N (drawn not to scale).

Vh = (GNh - Fs)
µ0a

Rh
= (GNh - Fs)Nh

-νµ0 (15)

µcyl ≈
3µ0

2Nt
(ln Nt - 0.207) (16)

Vt = (GNt + Fs)
3µ0

2Nt
[ln Nt - 0.207] (17)
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Equations 15-17 describe the stationary state. To understand
the stretching forceFs, it is helpful to look at the kinetic pathway
of tadpole formation: A long chain in a strong sedimentation
field that is initially in a random coil configuration becomes
more compact, recirculates, and finally unfolds to form a tadpole
structure.17 The recirculation mechanism is described in more
detail in section 3.4. Since attractive monomer-monomer
interactions are absent, the stretching forceFs is solely produced
by internal friction in the head. It maximally scales asFs ∼
GNh because at this magnitude the head would come to a
complete stop (eliminating the recirculation and thus the cause
for the frictional force in the first place). To leading order in
our scaling argumentation, we can thus neglectFs in the above
velocity expressions. In the stationary state head and tail
velocities are equal,Vh ) Vt ≡ V, which leads to a logarithmically
small head size using eqs 15 and 17:

From the definition eq 11 and the expression eq 15 we find a
sedimentation coefficient of

In order to directly test the large-field result eq 19, we perform
zero-temperature simulations for the SA-FJC where the noise
term êi in eq 1 is omitted, choosing rescaled parametersγ )
200G andεLJ ) Ga. At zero temperature, a complete sampling
of the phase space is not achieved, and the results depend on
the initial conditions: If, e.g., the chains are initially straight
and at a finite angle (45°) with respect to the sedimentation
field, all chains (evenN ) 10) roll up to form a two-dimensional
tadpole conformation, similar to the representative snapshot
shown in Figure 4b. The resulting sedimentation coefficients
are shown in Figure 4a (circles) and compare very well with
the asymptotic result eq 19 (solid line). If we average over
random initial configurations, the zero-temperature dynamics
(squares) resembles in most cases the finite-temperature dynam-
ics for very high fields,G̃ ) 100, which are taken from Figure
1a (triangles), but the asymptotic scaling law eq 19 is approached
much slower and only forN . 1.

In trying to understand why the tadpole structure forms, one
is led back to the question of the stability of different
conformations with respect to small perturbations. As is easy
to see, the tadpole configuration is hydrodynamically stable with
respect to small perturbations of the head/tail size ratio and the
orientation: In the case of a tadpole oriented with the head in
front and a trailing tail, a head slightly larger than in the
stationary state, as determined byVh ∼ Vt, will move faster than

the tail, thus unwinding the head and bringing its size back to
its equilibrium value (and conversely: a head in front and
slightly smaller than the equilibrium value will slow down and
thus push into the tail and grow in size). If, on the other hand,
the tail is in front, a slightly smaller head will slow down and
completely unwind, while a larger head will gain relative speed
and overtake and eventually swallow the tail. This shows that
the tadpole with the head in front is a hydrodynamically
stabilized structure. Incidentally, similar structures are observed
with sedimenting fluid droplets.

It remains to justify the scaling assumption for the stretching
force acting on the tail,Fs ∼ GNh, which we use in fact, also
for small and intermediate fields. This is complicated for two
reasons: (i) The boundary between head and tail is not clearly
defined, especially for intermediate fields. We thus restrict
ourselves to the caseG̃ ) 100 where the chain is nearly
completely unfolded. (ii) The force distribution along the chain
is complex and nonmonotonic as can be seen in Figure 5a. Here
fs(z̃) is the average elastic force per monomer atz̃

where the average is taken over all monomersi and conforma-
tions. In our notation,z̃ is the (rescaled) distance from the center
of mass in field direction. Monomers in the region close to the
head are pulled backward, i.e., toward the tail, by elastic forces
fs as can be seen by the fact thatfs is negative. Note that the
average velocity of all monomers is the same, so the negative
stretching forces are made up for by increased hydrodynamic
drag due to the close vicinity of the head. The opposite is true
for monomers located at the end of the tail; here the elastic
forcefs is positive, and the monomers are pulled in the direction
of the head. The one-dimensional rescaled monomer density
F̃z(z̃), defined as the average number of monomers per rescaled
unit length, has a valueF̃z(z̃) ≈ 1/2 in the tail region,
corresponding to one monomer per average bond length, and a
smeared-out peak at the location of the head. The smearing of

Figure 4. (a) Zero temperature (averaged over initial conditions,
squares) and finite-temperature simulations (G̃ ) 100, filled triangles)
compared with the asymptotic scaling law eq 19,S̃∼ (3/2) ln N (solid
line). Circles represent zero-temperature simulations where the initial
configuration is a straight chain at an angle of 45° to thez-axis, leading
to two-dimensional stable stationary configurations like the one in (b)
for N ) 20.

Figure 5. Stretching force within chain. (a) Average elastic force per
monomerfs(z̃) according to eq 20 (solid line) and the one-dimensional
projected monomer densityF̃z(z̃) (dotted-dashed line) as a function of
distancez̃ from the center of mass for aN ) 100 SA-FJC at fieldG̃ )
100. Integratingfs from the tail toz̃ ) 0 gives the stretching forceFs,
defined in eq 21, which is a measure for the elastic force between head
and tail. A snapshot illustrates the relative position along the chain.
(b) Fs displays a logarithmic dependence onN at G̃ ) 100 as shown
by two fits: Fs/G ) 3.64+ 0.024(lnN)2.5 (solid line) andFs/G ) 1.9
+ 0.186 (ln N)1.5 (dashed line). (c) Sketch of the tadpole model. A
stretching forceFs acts between the head and the tail.

fs(z̃) ) 〈- ∂

∂zi
Uel

(FJC)|z̃i ) z̃〉 (20)

Nh = (32 ln N)1/(1-ν)
(18)

S̃=
V

Gµ0
=

3
2

ln N (19)
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the head density maximum is due to thermal fluctuations of
the tail length, which are small but still present atG̃ ) 100.
For the stretching force between head and tailFs (see Figure
5c) we use the following definition:

which is the total elastic force between all segments below the
center of mass (z̃ ) 0) and above the center of mass. In Figure
5b this overall stretching force is shown as a function ofN at
G̃ ) 100 and fitted toFs/G ) a0 + a1(ln N)1/(1-ν) with fit
parametersa0 ) 3.64 anda1 ) 0.024 forν ) 3/5, solid line,
anda0 ) 1.9 anda1 ) 0.186 forν ) 1/3, broken line. ForN .
1 the data forFs show a logarithmic dependence onN and are
thus consistent withFs/G ∼ (ln N)1/(1-ν) ∼ Nh for both values
of ν for this restricted data set. Note that the result eq 19 is
independent of the precise value ofν.

3.2. Ellipsoids in Small Centrifugal Fields. The rescaled
fieldsG̃ accessible in experiments on normal polymers are much
below unity (as explained in the Discussion section). Anomalous
sedimentation can therefore only be observed for very long
chains, in which case the deformation of the coil and the
decrease ofSare still small. In the snapshot Figure 3a forN )
100 andG̃ ) 0.1 one can see that the boundary between head
and tail is diffuse and that the tail is slightly perturbed into an
ellipsoid with short axisRt and long axisLt (see definition in
Figure 6c). We assume that the perturbation is weak enough
such thatRt ∼ aNt

ν still holds. As before, we assume that all
monomers in the head contribute via internal friction to the
stretching forceFs, i.e.Fs ∼ NhG. We again calculate separately
head velocityVh and tail velocityVt. From eq 15 and neglecting
the correction due to the finite stretching force, we obtain for
the head velocity

The tail velocity follows from the mobility of an ellipsoid along
its long axis in the weak-asymmetry limitε ≡ (Lt/Rt) - 1 ,
1,18 µell ) [6πηRt(1 + ε/5)]-1, leading to

For small stretching forces,Fs , kBT/Rt, the tail stretching is
harmonic: The mean square extension of the ellipsoid in force
direction〈Lt

2〉 differs from its zero-force value〈Lt
2〉0 by a term

quadratic inFs, 〈Lt
2〉 ∼ 〈Lt

2〉0[1 + 〈Lt
2〉0(Fs/kBT)2].19 Using the

same name for the random variableLt and its root-mean-square,
〈Lt

2〉 ≡ Lt
2, and assuming that the lateral extension of the

ellipsoid is unperturbed by the stretching force,Rt
2 ) 〈Lt

2〉0,
we find at the lowest order inFs

This defines the weak-stretching regime, valid forFs < kBT/Lt

and thus forG̃ , N-1-ν. Requiring head and tail to move at
the same speed,Vh ) Vt, and using eqs 22-24, we obtain to
lowest order inFsRt/kBT

wherec is a numerical constant which is determined from a fit
to the numerical data. Inserting eq 25 into eq 22 gives

with ν ) 3/5 and coefficientsc1 andc2 to be determined later.
The N dependence of the correction factor,N3+ν, is in accord
with experiments, where a scaling proportional toN3.65G2 is
observed,3 and for the longest chains also in satisfactory
agreement with an asymptotic fit to the simulation data in Figure
6a, where coefficientsc1 ) 1.63 andc2 ) 2.77 × 10-6 are
obtained. Note that in our previous publication the less accurate
value ofc1 ) 1.68 was obtained for limG̃f0S̃/N1-ν.20 For slightly
overlapping (10%) beads Monte Carlo simulations21 give an
equilibrium value fit ofS̃ ) c1N1-ν with c1 ) 1.805( 0.033
andν ) 0.586( 0.005, which illustrates thatc1 is not universal,
in contrast to the product of rescaled sedimentation coefficient
and radius of gyrationS̃Rg, where the dependence on the specific
model largely cancels out (see e.g. ref 22).

3.3. Partial Stretching in Intermediate Fields. For inter-
mediate stretching forces,kBT/Lt < Fs < kBT/a, the tail is
stretched but not fully extended. Using the assumptionFs ∼
GNh and the scalingLt ∼ Rt ∼ aNt

ν andNh ∼ Nt ∼ N/2 in the
weak-stretching regime as well as eq 18 in the strong-stretching
regime, this range corresponds toG̃ff < G̃ < G̃fff with

and

G̃ff is thus the field strength at which the weak-stretching
regime eq 26 ends andG̃fff the field at which the tail becomes
completely stretched withLt ∼ aNt. The actual onset of chain
unfolding G̃f, which is determined from the maximum inSor
the minimum inRg (cf. Figure 1), is shown in Figure 6b and
follows in the restricted available data range the expression

as shown by the solid line. Note that this scaling form implies
that G̃f < G̃ff for large N. Still within the error bars is the
scaling

Fs ) ∫-∞

0
F̃z(z̃) fs(z̃) dz̃ (21)

Vh ∼ GNh
1-νµ0 (22)

Vt ∼ GNtµ0
a

Rt(1 + Lt/4Rt)
(23)

Lt/Rt - 1 ∼ (FsRt/kT)2 (24)

Nh ∼ N
2

[1 - cN2+2νG̃2] (25)

S̃= c1N
1-ν - c2N

3+νG̃2 (26)

Figure 6. Small fields: (a) Scaling plot of the low-field data from
Figure 1a; the solid line is given byS̃/N1-ν ) 1.63 - 2.77 ×
10-6G̃2N2+2ν and obtained by an asymptotic fit to theN ) 200 data.
(b) Unfolding field strengthG̃f, defined graphically in Figure 1 from
the maximum ofS (triangles) and the minimum ofRg (circles). The
solid line is a heuristic fit to both data sets withG̃f ) 670N-2 and the
broken line denotesG̃f ) 100 N-1-ν. (c) Definition of head sizeRh,
tail lengthLt, and tail widthRt.

G̃ff ∼ N-1-ν (27)

G̃fff ∼ (ln N)1/(ν-1) (28)

G̃f ) 670N-2 (29)

G̃f ) 100N-1-ν (30)
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as shown by the broken line, which would correspond toG̃f ∼
G̃ff. Within the limited range of data available, no clear
decision between the two scaling forms is possible.

In the intermediate-field regime the length of the tail scales
as23

We assume that the tail is already stretched enough to be
described by a cylinder

whereê ∼ akBT/(Fsa) is the blob size in the tail, i.e., the diameter
of the cylinder (see sketch in Figure 7). Here we neglect the
roughness of the tail. In the intermediate stretching regimeê is
independent of the chain length, which yields a factorLt/ê ∼
Nt inside the logarithm. Together withVh ∼ GNh

1-νµ0 as in eqs
15 and 22, we find forNt . Nh and thusNt ≈ N a head size of

which yields a sedimentation coefficient of

This complements the results in eqs 19 and 26 in the strong
and weak stretching limits, respectively. The scaling is consistent
with simulations if extrapolated to very long chains as seen in
Figure 7: ForN e 200 the exponent (ν - 1)/(ν + 1) of G̃ is
not reached because of slow crossovers, but the four data points
for N ) 400 suggest that longer chains might indeed be
described by eq 34, which is indicated by a straight line. AtG̃
≈ 0.1 the sedimentation coefficients shows a weak dependence
on N: Longer chains are faster than short ones (see Figure 7).

As has been noted in the literature before, eq 26 predicts a
nonmonotonic dependence of the sedimentation velocity on the
chain lengthN. In fact, the crossover between increasing and
decreasing dependence onN is determined by∂S̃/∂N ) 0, which
leads to a threshold field ofG̃ ≈ 256 N-1-ν (using the
numerically determined constantsc1 and c2 of Figure 6) and
has thus the same scaling asG̃ff but is larger thanG̃f of eq
30. However, this conclusion is faulty in an essential aspect:
the small-field (or weak-stretching) regime ends beforeG̃ )
256 N-1-ν, viz. G̃2N2+ν ≈ 6.5 × 104, is reached. This is
appreciated most clearly in Figure 6a, where it is seen that the
N ) 200 data points are described by the line eq 26 only up to
G̃2N2+ν ≈ 6 × 104; for higher fields strong deviations are seen.
The small-field result in eq 26 thus becomes invalid before the

plateau defined by∂S̃/∂N ) 0 is reached. So the tentative
conclusion is that longer chains always sediment faster than
short chains, in line with our simulation results.

Tadpole orientation and conformational stability require the
torqueM ∼ FsLt to be larger thankBT. ForFs ∼ GNh, Lt ∼ Nt

ν,
andNt ∼ Nh ∼ Nsvalid within the weak-stretching regimes
this is equivalent toG̃ > N-1-ν and coincides with the crossover
between weak and intermediate stretching. In other words, the
tadpole structure in the intermediate stretching regime is stable
and shows only little conformational and orientational fluctua-
tions. In the weak-stretching regime orientational fluctuations
are frequent but the scaling of the orientationally averaged chain
stretching is unchanged.

3.4. Compaction.Prior to stretching, i.e., forG < Gf, a slight
compaction of long sedimenting chains occurs (see data for the
radius of gyration forN ) 60 in Figure 1b) for which we now
present a blob argument. In the nondraining regime, a chain of
radiusR sediments with a velocity given by Stokes’ law14

The hydrodynamic drag acts primarily on peripheral chain
segments, inducing internal chain recirculation with a typical
velocity scaleV. Figure 8a shows the velocity field of the
monomers of aN ) 20 polymer globule at zero temperature in
the center-of-mass frame. The diagram is obtained in the
following way: The space is partitioned into cubes of size
0.5a × 0.5a × 0.5a within which the average monomer velocity
is calculated. At each time step, we calculate the center-of-mass
velocity VCM and from that the relative velocities with respect
to VCM of all monomers in the respective cubes and average

Figure 7. Intermediate field: rescaled data of Figure 1a plus four
additional data points for monomer numberN ) 400 (rescaling done
usingν ) 3/5). An intermediate scaling regime as described by eq 34
(solid line) is approached for long chains. The left drawing defines the
head size, tail length, blob size,Rh, Lt, and ê, in the intermediate
stretching regime.

Lt ∼ aNt(Fsa/kBT)(1-ν)/ν (31)

Vt ∼ GNt

µ0a

Lt
[ln(Lt/ê) - 0.207] (32)

Nh ∼ G̃-1/(1+ν)(ln N)ν/(1-ν2) (33)

S̃∼ G̃(ν-1)/(ν+1)(ln N)ν/(ν+1) (34)

Figure 8. (a) Simulated velocity field in thex-z plane (for a cut
at positiony ) 0) of a N ) 20 globule at zero temperature, averaged
over 100 runs with random initial conditions. The coordinate origin
is chosen as the center of mass. The arrow directions indicate the
local direction of the polymer velocity, measured with respect to the
center-of-mass velocity. The lengths of the vectors are propor-
tional to the local average velocity (not to be confused with
the monomer flux). Arrows are only drawn at location where the
probability to find a monomer is larger than 0.002. In the background,
a typical snapshot is shown. (b) Relative monomer velocity in field
direction, Vz - VCM, measured in units of theVCM as a function
of x̃ along the line with coordinatesy ) z ) 0 for the same system as
in (a).

V ∼ µ0GNa/R (35)
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over time and initial conditions. Cubes that are populated
with less than 0.002 monomers on average are omitted in the
plot. A polymer circulation in they ) 0 plane is clearly visible
in the figure. Noteworthy is the partial unfolding and backfold-
ing of the chain and the weak formation of a tail in the lower
part of the plot. In the background, we show a typical chain
snapshot. The recirculation can also be seen in the velocity
componentVz (determined again with respect to the center-of-
mass velocityVCM) as a function of the lateral coordinatex̃
through the chain center of mass (i.e., fory ) z ) 0), which is
plotted in (b). Monomers close to the center, i.e., small|x̃|, move
faster, outer monomers slower than the center-of-mass velocity
VCM.

We partition the chain into blobs consisting ofg monomers
and unperturbed size

The assumption of equilibrium scaling inside blobs holds as
long as the recirculation time

is larger than the blob relaxation timeτR, the blob size thus
follows from τR ∼ τV. Neglecting entanglement effects and
enhanced friction inside the polymer coil, the blob relaxation
time is

which corresponds to the time it takes for a blob to diffuse over
its own size. Equating the relaxation and recirculation times
leads to

Beyond the blob size, the chain cannot relax and is condensed
by the recirculation shear, suggesting compact scaling

At G̃ = G̃<
com the blob size reachesR, which from eq 39 using

R ∼ aNν gives

For smaller fields,G̃ < G̃<
com, the blob size is larger than the

chain radius,g > N, and the chain conformation is unperturbed
by sedimentation; for larger fields,G̃ > G̃<

com, compaction is
predicted. Combining eqs 36, 39, and 40, the chain radius and
blob size scale as

For ν ) 3/5 these equations reduce toR ∼ aN1/7G̃-2/7 andê ∼
aN-3/7G̃-9/14. Equations 42 and 43 are only valid untilê ∼ a.
For longer chains or higher fields the chain scales like a compact
object,R∼ aN1/3, and the sedimentation constant and radius of
gyration approach a constant value (data points forN ) 10 and
N ) 20 in Figure 1). This happens forG̃ > G̃>

com ∼ N-2/3.
The scalingG̃f ∼ N-2 seen in Figure 6b is at odds with the

expectationG̃<
com < G̃f with G̃<

com given in eq 41. This is based
on the observation of compactified chains for an intermediate
range of sedimentation fieldsG in the simulations which would

suggest that the threshold for compactionG̃<
com is smaller than

the unfolding transitionG̃f. This could mean that (i) the apparent
scaling of G̃f in Figure 6b is due to some crossover only
observed for short chains and that even the slight compaction
is preempted by chain unfolding in the limit of long chains,
except locally in the head region. In this scenario no compaction
would be observed for long chains, and the chain would be
stretched even for infinitesimally weak fields. DNA sedimenta-
tion experiments support this explanation since a rotor speed
dependent increase of the sedimentation coefficient has not been
observed so far. (ii) Alternatively, the threshold for compaction
G̃<

com could be lower than suggested by our scaling resultG̃<
com

∼ N-1-ν, which is plausible since it neglects entanglement
effects, orG̃f could scale differently than given in eq 29. In
this scenario, a rangeG̃<

com < G̃ < G̃f of beginning compac-
tion exists. It is unlikely that simulations will help to resolve
this issue; we need experimental results for well characterized
model systems.

4. Circular Polymers

Up to now we treated only linear chains; it will be shown in
this section that many of the results obtained so far for linear
chains also apply tocircular SA-FJC. It is known experimentally
that circular DNA exhibits a rotor speed dependence of the
sedimentation constant similar to linear DNA with half the
length.9 Circular chains are also relevant in the context of DNA
supercoiling and bacterial nucleoids.24,25 The series of confor-
mations for circularN ) 200 chains at different field strengths
in Figure 9 is similar to the series of linearN ) 100 chains in
Figure 3a. A direct comparison is made in Figure 9d at a driving
forceG̃ ) 1: The circular chain withN ) 200 forms a tadpole
similar in size and shape to the linearN ) 100 chain except
that the tail is double-stranded. Noteworthy are the conforma-
tions at G̃ ) 0.3: The chain is already rather compact but
temporarily unfolds and folds back. At strongerG̃ the unfolded
state is more stable; the compact states are less often explored.
Such a behavior is also observed for linearN ) 100 chains,
but in that case less pronounced.

In Figure 10, we compare (a)S̃and (c)Rz/L for circular chains
of different lengths (open symbols) with the result for a linear
chain with N ) 100 (filled circles). Most importantly, chain
compaction is more pronounced for circular chains, as witnessed
by the increase of sedimentation coefficientS̃ for intermediate
G̃. The reason for this is unclear, but must have to do with the
chain topology which might favor chain entanglements. The
circular N ) 200 chain (open triangles) starts unfolding at a
slightly higher force than the linearN ) 100 chain (filled
circles), since entanglement effects are stronger for the former.
At strongG̃, S̃ is ∼2 times larger for theN ) 200 chain because
the sedimentation coefficient of an unfolded chain is besides

ê ∼ agν (36)

τV ∼ ê/V (37)

τR ∼ ê3/(aµ0kBT) (38)

ê2 ∼ kBTR/(GN) (39)

R∼ ê(N/g)1/3 (40)

G̃<
com ∼ N-1-ν (41)

R∼ aN(1-ν)/(3ν+1)G̃(1-3ν)/(3ν+1), G̃ > G̃<
com (42)

ê ∼ aN-2ν/(3ν+1)G̃-3ν/(3ν+1), G̃ > G̃<
com (43)

Figure 9. Snapshots for aN ) 200 circular self-avoiding freely jointed
chain (SA-FJC) with full hydrodynamic interactions (HI) at different
sedimentation field strengthsG̃. In c) for G̃ ) 0.3 the chain
conformation oscillates between a globular and an unfolded state. In
(d) for G̃ ) 1 also a linear chain withN ) 100 is shown for comparison.
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logarithmic corrections proportional to the number of monomers
in the tail divided by the tail length. For the two longer chains
the limiting ratio of two is not yet reached. This fact could be
exploited for an efficient separation of linear from circular chains
because a factor of 2 can easily be resolved in ultracentrifugation
experiments, whereas the molecular weight dependence is only
logarithmic according to eq 19. The ratio of the sedimentation
constant of a circular to a linear chain with the same monomer
number increases nonmonotonically from a value close to one
at small fields to a value slightly below two in the limit of long
chains and high fields (see Figure 10b). This limit is not yet
reached in the simulation.

Contrary to linear chains (see Figure 1a), the curves ofS̃(G̃)
of differentN cross each other in Figure 10a. An intermediate
regime as in eq 34 does not exist for the chain lengths
investigated. However, it is not clear whether this situation
persists for very long circular chains; it is conceivable that due
to the strong steric effects the curves forN e 200 cross each
other while much longer chains do not. Such a behavior is also
seen forS̃(G̃) of the linearN ) 40 chain, which crosses theN
) 100 curves atG̃ ≈ 3. Experiments are needed to clarify this
point.

5. The Preaveraging Approximation and Phantom Chain
Results

To gain better understanding of the nonequilibrium nature
of the phenomenon and the importance of hydrodynamics, we
also perform simulations in the preaveraging approximation
(PAA). Since the velocity then is independent of the chain
conformation, the following quantity is used as an estimate for
the sedimentation coefficient:7

The brackets represent the configurational average at a given
field G. This expression can be derived as follows: From eqs
1 and 12 we obtain by using the Oseen tensor eq 6 fori * j
and the Stokes mobility for the self-parti ) j the following
expression

where we used that〈êi〉 ) 0. For N . 1 we can neglect the
diagonal with respect to the off-diagonal part of the mobility
(this amounts to the so-called “nondraining approximation”).
If we additionally assume that the internal forces-∇ r jU cancel
out,7 eq 45 goes over to eq 44. For long chains the average in-
verse distance between two monomers becomes small so that
eq 44 is also a good approximation for the Rotne-Prager HI
case, eq 3. Note that for an isotropic random coilSh reduces to
the rescaled inverse hydrodynamic radius defined bya∑〈rij

-1〉/
N.26

In Figure 11, we study the influence of the PAA and the
SA property on the sedimentation anomaly and compareSh for
three cases, (a) Gaussian PC (circles), eq 10 andεLJ ) 0,
(b) SA Gaussian (squares), eq 10 andεLJ ) 1, (c) SA FJC
(triangles), eq 9 andεLJ ) 1, each for both, full hydrodynamics
(HI, open symbols), eqs 3 and 4, and PAA (filled symbols), eq
5. We use a chain lengthN ) 40 and divide the results by the
zero-field limit Sh(G)0). Zimm’s PAA calculation (solid line)
for an ideal Gaussian chain at small fields7

describes quantitatively both the HI and PAA simulations of
an ideal Gaussian chain (circles). At small fields, i.e., close to
equilibrium, the difference between PAA and HI is hardly visible
for phantom chains, justifying Zimm’s PAA for weak perturba-
tions. The slight difference between the simulations (filled
circles) and eq 46 is most likely due to the finite chain length
and the neglect of higher-order terms. We thus reproduce with
our N ) 40 results Zimm’s original formula7 and not the
corrected one6 whereG̃ is replaced byG̃/2. No increase ofSh is
seen for these PC, meaning that hydrodynamic compaction is
absent for phantom chains. This is understandable because the
compaction is caused by entanglement effects between recir-
culating polymer sections. Self-avoidance effects drastically
change the simulation results; in addition, the difference between
PAA and HI becomes more pronounced for SA chains. The
approximationSh ≈ S̃ is tested by including in Figure 11 a few
points of S̃(G̃)/S̃(0), as defined in eq 12, simulated with HI:
For Gaussian PC the results for the relative decrease ofS̃(stars)
andSh (open circles) nearly agree and are both well described
by eq 46; for SA-FJC the quantitySh(G̃)/Sh(0) (open squares)

Figure 10. Sedimentation coefficient (a) and (b) and relative extension
(c) of circular (open symbols) andlinear chains (filled symbols), all
for SA-FJC with full hydrodynamic interactions (HI). For better
comparison with the circular chains, the values forRz/L of the filled
symbols are divided by a factor of 2.

Sh )
3a

4N
∑
i*j 〈1

rij

+
zij

2

rij
3〉 (44)

S̃(Os) )
〈Ṽz〉

NG̃
)

1

N2G̃
∑
i)0

N

〈êz‚r3 i〉

)
1

N2G̃
∑
i)0

N

êz‚〈µ0I ‚[-∇r i
U + Gêz] +

∑
j*i

3aµ0

4rij [I +
r ij X r ij

rij
2 ]‚[-∇r j

U + Gêz]〉 (45)

Sh(G)

Sh(0)
≈ 1 - 0.02887 [0.0391N3/2G̃]2 +

0.00205[0.0391N3/2G̃]4 + O(N3/2G̃)6 (46)
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can only reproduce the right trend ofS̃(G̃)/S̃(0) (diamonds). It
is thus justified to measure the sedimentation constant bySh for
Gaussian PC at low field strengths, as long as one is only
interested in the relative decrease with respect to its zero-field
value.7,11

Despite the partial success to predict the sedimentation
constant at small fields for phantom chains, the PAA gives
qualitatively wrong predictions: As already noted, the preav-
eraging approach yields no sedimentation anomaly for circular
chains7,9 since all points along the chain are equivalent. Figure
12a-c shows snapshots for the six situations, three types of
chains each for PAA and HI, at a small field strengthG̃ ) 0.3:
If a PAA is used, the coils are deformed in a way that both
ends lag behind (upper row). HI unfold or compact the chains
(lower row). At high fields, a linear SA-FJC in the PAA shows
a configuration where both tails are trailing and the symmetry-
breaking between the two tails is not obtained, while with full
HI the known tadpole form appears (see Figure 12d). To
conclude, self-avoidance affects the sedimentation anomaly in
an essential way even for smaller fields; at high fields, full HI
are indispensable.

6. Birefringence

Sedimentation velocity experiments can only indirectly test
our predicted configurational changes. Optical measurements
may provide additional and often complementary information.
In a birefringence experiment the difference of the refractive
index in the sedimentation direction and a direction perpen-
dicular to it, ∆n, is measured which is proportional to the
following birefringence parameter27

where φi is the angle theith bond vector forms with the
sedimentation field.ø is thus a measure for the average
orientation of the bond vectors:ø ) 1 means that all bond
vectors are parallel to the sedimentation force andø ) -0.5
that they are all perpendicular to it.

In Figure 13, we showø as a function ofG̃ for different chain
lengths. Surprisingly, not only stretching but also compaction
(as observed with the data forN ) 20) leads to a positive
birefringence signal indicative of chain orientation. Long chains
(N ) 200) show a Kerr-type behavior at small fields,ø ∝ G̃2.
This is expected on the basis of our results for the chain
stretching in the weak-stretching regime, which is also quadratic
in the sedimentation field. In general,ø displays a complex
dependence onG̃, reflecting the different regimes discussed in
the previous sections. For theN ) 40 chain, for instance,ø is
proportional toG̃ and exhibits a non-Kerr-type behavior,ø ∝
G̃, in the range 0.1e G̃ e 1. The mechanism for this scaling
behavior is most likely related to recirculation in the compac-
tified chain.

7. Semiflexibility Effects

A quantitative prediction of the DNA sedimentation anomaly6

is at present not feasible, since the nonuniversal dependence
on the ratio of chain diameter and persistence length is not
included. A more direct comparison of our predictions might
be possible with synthetic chains, where this complication is
absent. For DNA strands with radiusa ≈ 1 nm, persistence
lengthlP ≈ 50 nm, and a contour lengthL in the micrometer to
millimeter range, the scale separationa , lP , L renders a
realistic simulation impractical. To provide some insight into
the possible effects one expects for semiflexible polymers, we
add a bending energy termUb to the elastic potentialUel

(FJC) in
eq 9:

Hereθi is the angle between consecutive bondsr i-1i andr ii+1.
In Figure 14, we show result for aN ) 100 linear SA FJC with
full hydrodynamic interactions (HI) as an example and plotS̃/
N1-ν andø as a function of the rescaled persistence lengthlP/L
at an elevated field strengthG̃ ) 1. At this field strength one
obtains a tadpole configuration in the limit of vanishing
persistence lengthlP ) 0. The curves for the sedimentation
coefficient S̃ and the orientational order parameterø are both
nonmonotonic, and their form will depend in addition tolP/L
and G̃ also on the aspect ratioL/a; this deserves, of course,
further investigation in the future. A nonzero but small
persistence length,a , lP , L, leads to a looser head and thus
a shorter tail, resulting in a slight increase of sedimentation speed
S̃. At lP ∼ L we observe a crossover from a tadpole configuration
to a bent rod, as shown by the snapshots in Figure 14b.
Accordingly, the sedimentation shows a slight dip. For further
increasing persistence length, the orientational order parameter
ø finally becomes negative, indicative of a perpendicular orien-
tation with respect to the sedimentation direction. This effect
was introduced and rationalized in detail in ref 28 and is caused
by the bending of the rod into a horseshoe shape. A perpen-
dicular rod exhibits a higher frictional coefficient than a parallel
rod, which explains the decrease ofS̃andø for G̃ g 30. As can
be appreciated from Figure 14a, the sedimentation behavior of

Figure 11. Relative approximate sedimentation coefficientSh(G)/Sh(0)
as defined in eq 44 for a linearN ) 40 chain modeled as a self-avoiding
freely jointed chain (SA-FJC, squares), SA Gaussian (triangles), and
Gaussian phantom chain (PC) (circles). Open symbols include full
hydrodynamics (HI); filled ones use the preaveraging approximation
(PAA). The solid line is Zimm’s PAA calculation eq 46 for an Gaussian
PC.7 In addition, we show some data points ofS̃(G)/S̃(0) for a SA-FJC
(diamonds) and an Gaussian PC (stars), both with HI.

Figure 12. Conformations of a Gaussian phantom chain (PC) (a), self-
avoiding (SA) Gaussian chains (b), and SA freely jointed chain (FJC)
(c) at G̃ ) 0.3, as well as SA-FJC atG̃ ) 10 (d). The upper row uses
the preaveraging approximation (PAA) and the lower row full Rotne-
Prager hydrodynamic interactions (HI).

ø )
1

2(N - 1)
∑
i)1

N-1

[3 cosφi - 1] (47)

Ub ) lP∑
i)2

N-1kBT

2a
[1 - cosθi] (48)
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a semiflexible polymer at elevated sedimentation fields gives
rise to a number of competing effects and tendencies, and no
unified, simple picture emerges. More work along these lines
is necessary.

8. Discussion

To check the experimental relevance of our results, we
consider the particular system of ref 6, namely a 115× 106 Da
DNA strand in a centrifuge with radiusRUC ) 0.052 m spinning
at a frequency of 60ω/2π ) 50 000 rpm. For a direct comparison
we need to specify the size of the effective monomer of the
DNA chain. A naive choice would be one base pair. In this
case, however, the monomer would be a very oblate nonspheri-
cal object, which is impractical for numerical simulations. If
we demand that the effective monomer be spherical having the
same diameter as DNA, i.e., a radius ofa ) 1 nm, one monomer
would correspond to approximately six base pairs if we assume
a rise per base pair of 0.34 nm. For an average mass of 615 Da
per base pair this gives a mass per monomer ofm0 ) (2/0.34)
× 615 Da≈ 3618 Da. We use a buoyancy correction factor of
1 - Fw/FDNA ) 0.436, whereFw andFDNA are the densities of
water and DNA, and obtain a rescaled field of

Using an effective monomer number ofN ) 30 000, the
theoretically predicted critical unfolding fieldG̃f is, according

to eq 29,G̃f ∼ 7 × 10-7 and thus of the same order. This
means that based on our simulation results and scaling relations
the onset of chain unfolding for long DNA chains should be
observable in typical ultracentrifuge experiments (in agreement
with the experimental fact).

How does the finite persistence length of DNA change this
estimate? The persistence length of DNA is under physiological
conditionslP ≈ 50 nm and thus much smaller than the contour
length, which in our example isL ≈ 60 µm, but it is
considerably larger than the diameter of the effective monomer
of 2a ) 2 nm. To account for persistence length effects, one
could in a simplistic approach use an effective monomer
diameter 2a2 equal to the Kuhn statistical segment length 2lP,29

i.e. a2 ) lP ≈ 50a, with an effective monomer numberN2 )
Na/lP reduced by a factor of 50. Such a reparametrization scheme
was suggested previously,7,11 but especially for short polymers
is not totally accurate due to specific semiflexibility effects
explored in section 7. Following eqs 29 and 49, the reparam-
etrization would increase both the critical rescaled fieldG̃f and
the experimentally realized rescaled fieldG̃ by a factor ofa2

2/
a2 ) 2500 since both the effective monomer massm0

(2) ) M/N2

and radiusa2 ) L/(2N2) are inversely proportional toN2 where
M is the polymer mass. The ratioG̃/G̃f is thus invariant with
respect to this reparametrization and our above estimate of the
threshold for DNA unfolding is unchanged.

Figure 15 shows a compilation of data of three ultracentrifuge
measurements on DNA: for 145× 106 Da strands,9 for 120×
106 Da,3 and for 115× 106 Da.6 Neglecting the uncertainty of
the precise solvent density in the sucrose measurements, we
assume for all three cases a buoyancy correction factor of 1-
Fw/FDNA ) 0.436. For the radii of the centrifugesRUC in these
experiments we take the values 9.8, 6.3, and 5.2 cm, where it

Figure 13. Birefringence parameterø defined in eq 47 as a function
of the sedimentation fieldG̃ for linear SA FJC with HI. The lines are
guides to the eye with slopes one and two.

Figure 14. (a) Rescaled sedimentation coefficientS̃/N1-ν with ν )
3/5 (circles) and birefringence parameterø (triangles) as a function of
the relative persistence lengthlP/L for a N ) 100 linear SA FJC with
HI at G̃ ) 1. The left-most data points are obtained by settinglP ) 0
and correspond to the previously shown flexible chain results. (b)
Snapshots of typical chain conformations at rescaled persistence lengths
lP/L ) 0.3, 1, and 100. A crossover from parallel orientation for flexible
chains to perpendicular orientation for stiff chains is observed.

G̃ ) m0[1 -
Fw

FDNA
]RUCω2 a

kBT
∼ 10-6 (49)

Figure 15. (a) Experimental sedimentation coefficients of linear DNA
strands with 145× 106,9 120× 106,3 and 115× 106 Da6 vs the radial
accelerationRUCω2, assuming a buoyancy correction factor of 1- Fw/
FDNA ) 0.436 and centrifuge radiiRUC of 9.8, 6.3, and 5.2 cm,
respectively. (b) Rescaled experimental data where effective monomer
numbersN of 625, 518, and 496 (top to bottom) are assumed and a
Flory exponent ofν ) 3/5. The line is Zimm’s formula eq 46 with a
monomer number fitted to the third data set,N ) 496.
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should be noted that these numbers are estimates and inferred
indirectly by us using the ultracentrifuge specifications given
in the original publications. One can see a decrease ofSexp

qualitatively similar to the small field result depicted in Figure
6a (the strong stretching regime is not yet reached) but on the
other hand notices quite large differences between the data which
cannot be explained solely by the different DNA lengths. This
is brought out more clearly in Figure 15b where the data are
rescaled using effective monomer numbers which are chosen
proportional to the molecular weight. We here follow Zimm’s
data analysis and assign to the third data set (115× 106 Da) a
monomer number ofN ) 496. Using the average mass of 615
Da per DNA base pair, this choice corresponds to an effective
monomer comprising 377 base pairs with a contour length of
118 nm. Figure 15b shows the rescaled data together with
Zimm’s theory eq 46 for a corresponding monomer number of
N ) 496 (solid line). The perfect agreement between Zimm’s
theory and one data set for small gravitational fields reflects
the fact that the effective monomer number has been freely
adjusted. Note that the framework of eq 46 would imply a
scaling S(0) ∝ N1/2, in contradiction to the experimentally
observedS(0) ∝ N0.38 for long DNA strands.30 Likewise, the
correct slope of eq 46 possibly is coincidental as self-avoidance
effects are neglected which were shown to be important even
at small sedimentation fields. Most importantly, it is seen that
the experimental zero-field sedimentation data do not collapse.
The reason for this is unclear, and it poses a serious problem
for the quantitative comparison between theory and experiments.
Clearly, more experiments are desirable. For reasons mentioned
before, a direct application of eq 26 or eq 46 is not possible
since semiflexibility effects are neglected in the theory. In fact,
for the naive choice of a monomer radius of 1 nm both equations
would give numbers outside the range of Figure 15a and thus
have to be discarded. Using the effective monomer number as
a free fitting parameter allows to describe experimental data
accurately, but this fitting parameter unfortunately lacks a clear
physical meaning.

Unfolding of polymers in elongational and shear flow has
experimentally been intensely investigated,31,32whereas unfold-
ing in homogeneous flow has not been considered probably due
to the smallness of the effects compared to the other types of
flow at typical shear rates. We have argued that it can be still
very important for long polymers at high centrifugation speeds.
Hydrodynamics are essential since all effects vanish in the free-
draining approximation. The compaction predicted for short
chains (see Figure 1b forN ) 10 andN ) 20) might be similar
in nature to the conformational changes under sedimentation
of certain proteins which lead to an increase of the sedimentation
coefficient.33 Increase ofSat high rotor speed is also observed
for semidilute solutions of long DNA, which was, however,
attributed to aggregation.34 The oscillatory behavior in Figure
9c has been seen in simulations at finite Reynolds number.35 A
systematic investigation of the influence of excluded volume,
HI, and finite extensibility on the viscosity of a very dilute
polymer solution has been undertaken in ref 36 which might
be fruitful to compare with the presented sedimentation results.

The unfolding transition might also be relevant in the context
of electrophoresis if strong enough electric fields lead to fast
motion. Here a different unfolding mechanism due to electric
polarization effects is operative.37 It should be noted that tadpole-
like structures also appear in gel electrophoresis at high
fields.38,39 Although their physical origin is most likely quite
different, a detailed comparison of both stretching mechanisms

might be worthwhile.
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